The paper presents an analysis of the behaviour of bent reinforced concrete beams strengthened with CFRP laminates fixed with adhesive before and after unloading, and more importantly, an analysis of the work of reinforced concrete beams strengthened with pre-stressed CFRP laminates fixed with adhesive. The analyses were based on a moment-curvature model prepared by the author for reinforced concrete beams strengthened under load with pre-stressed CFRP laminates. The model was used to determine the effect of compression with CFRP laminates and their mechanical properties on the effectiveness of strengthening the reinforced concrete beams analysed in this study.
INTRODUCTION
Structural reinforcements are often applied during the modernization or renovation of buildings.
Their aim is to restore the original load capacity of the structure or to increase its load capacity because new heavier loads are expected.
In most cases reinforced concrete structures are strengthened with CFRP laminates. Steel bars and profiles as well as tendons are also used. It is also possible to use GFRP and AFRP laminates and mats. These materials have very different mechanical properties. The techniques used to strengthen reinforced concrete elements include: increasing the dimensions of concrete cross-sections, using additional tensile reinforcement, bonding with steel profiles, using FRP laminates -externally 1 Assoc. Prof. PhD. Eng., University of Zielona Góra, Faculty of Civil Engineering, Architecture and Environmental Engineering, ul. Licealna 9, 65-417 Zielona Góra, Poland, e-mail: j.korentz@ib.uz.zgora.pl, ORCID: 0000-0002-1521-8681 bonded (EB) or near surface mounted (NSM), changing the static scheme, and strengthening with active reinforcement [10, 25] . The methods used to strengthen reinforced concrete beams include: strengthening before loading, strengthening under load, strengthening after unloading, compressing with adhesive or non-adhesive repair materials and assembly compression.
Most available experimental studies have focused on strengthening before loading [6, 15] . There are far fewer experimental tests on elements strengthened under load, elements strengthened after unloading, or elements strengthened by compression with repair material [14, 16, 19, 21, 22] .
However, in practice, we deal with a situation where we strengthen existing structural elements that have been used for many years, already under load and with permanent deformations. Differences between the behaviour of structural elements strengthened with various repair materials and the abovementioned strengthening methods are important and should be taken into account in the design of strengthening for reinforced concrete beams strengthened in flexure [11] .
If we know static equilibrium paths for different strengthening methods, we can choose the right methods to achieve the intended goal and to ensure that the strengthened element will behave in the expected way and serve its purpose in the object. The paper presents a model of the momentcurvature relation for reinforced concrete beams strengthened under load by compression with CFRP laminates fixed with adhesive. The points marked with the letter C indicate the appearance of cracks on the cross section, the points marked with the letter Y indicate the yield point of the beam reinforcement, and the points marked with the letter U indicate when the bearing capacity of the beam is exceeded. The loadbearing capacity of beams strengthened with adhesive laminates is most often exceeded as a result of the delamination of the laminates [15, 21] .
BEHAVIOUR OF A STRENGTHENED RC BEAMS
An initially strained beam strengthened with prestressed CFRP laminates is subjected to detailed analysis. There are known technologies for tensioning composite laminates and fixing them to reinforced concrete beams with adhesive [13] . An initially strained beam strengthened with prestressed CFRP laminates is subjected to detailed analysis.
The strengthening is applied when the load causing the bending moment M co acts on the beams. The 
MODELS OF THE MOMENT -CURVATURE RELATION
There have been attempts to analytically [1, 2, 4, 8, 10, 12, 17, 18] and numerically [5, 7, 23] analyse the behaviour of reinforced concrete beams strengthened with CFRP laminates. However, there is an insufficient number of methods for analysing the behaviour of reinforced concrete beams strengthened with presteressed CFRP laminates under load. This study is an attempt to fill this gap.
Their aim was to determine the possibility of rational evaluation of the work of strengthened reinforced concrete beams over the entire load range. One of the methods for assessing the behaviour of structural elements are static equilibrium paths [3] , which can include, among others, the relation between the bending moment and the curvature of the cross-section.
In order to construct a moment-curvature relation model for a reinforced concrete beam strengthened with prestressed CFRP laminates, it is necessary to determine the coordinates of characteristic points of this model. These will be determined on the basis of a model of the behaviour of the reinforced concrete beam [9] and a model of the behaviour of the reinforced concrete beam strengthened before loading [8] .
REINFORCED CONCRETE BEAM WITHOUT STRENGTHENING
In Fig.1 , broken line OCYU illustrates the behaviour of a reinforced concrete beam in the entire load range. The curvature at the time when the beam started to crack [ cr and the dimensionless bending moment m cr (point C in Fig.1 ) can be expressed with the following relations:
where: [ cr is the relative height of the compressed zone expressed with the relation:
where: f ct is the concrete tensile strength, E c is the concrete elastic modulus, E s is the steel elastic modulus and β 1 =a 1 /d, β 2 =a 2 /d, ρ 1 =A s1 /bd, ρ 2 =A s2 /bd, p=ρ 1 /ρ 2 , n=E s /E c are parameters of the cross-section under analysis.
The curvature φ sy and the dimensionless bending moment m sy at the yield point of the reinforcement (point Y in Fig.1 ) are described with the relations:
where the relative height of the compressed zone [ sy is expressed with the relation:
If the bending moments and curvatures at characteristic points of the model are known, the stiffness in bending of the non-cracked reinforced concrete cross section B I and of the cracked cross-section B II can be expressed as follows:
REINFORCED CONCRETE BEAM STRENGTHENED BEFORE LOADING
Similarly, it is possible to describe characteristic points of the moment-curvature model for a 
REINFORCED CONCRETE BEAM STRENGTHENED UNDER LOAD WITH

PRESTRESSED CFRP LAMINATES
Line OCO c O L Y L U L in Fig. 1 illustrates the behaviour of a reinforced concrete beam strengthened under load with CFRP laminates. The maximum possible load level of the concrete cross-section before compression expressed by its bend strength is M sy . The purpose of strengthening is to increase the load capacity of the cross-section to M Lu . The strengthening is applied when the crosssection load level causes the bending moment M co . If the strengthening were applied traditionally, with laminates without prestressing, the load capacity would increase to 'M. As a result of prestressing the strengthening laminates the cross-section is relieved. A negative bending moment 'm is introduced and as a result of the combined action of the load and the prestressing force, the load level of the cross-section is determined by the moment M Lo . In this case, the load capacity of the cross-section will increase by the same value, i.e. 'M. This is because the load capacity of the strengthened reinforced concrete beams is exceeded when the laminates start to delaminate, which takes place when composite laminates reach a specific level of deformation [15, 24] . 
EXAMPLE OF AN ANALYSIS
Rectangular reinforced concrete beams with the dimensions 30cm x 50cm were analysed. The compressive strength of concrete is f co =30MPa and elastic modulus is E c =32GPa. The reinforcement is made of steel with the yield point f sy =400MPa and elastic modulus E s =200GPa.
The tensile reinforcement consists of five bars with a diameter of 20mm, and the reinforcement in the compressed zone consists of two bars with a diameter of 12mm.
Two cases of strengthening with prestressed CFRP laminates are considered: strengthening with high modulus strips (cross-section F1) and strengthening with low modulus strips (cross-sections F2). The geometric data for the cross-sections and the mechanical properties of the laminates are presented in Fig.2. Fig. 2 shows the graph of the relation between the bending moment M and the curvature M for beams strengthened with prestressed laminates with various mechanical properties fixed with adhesive onto their lower edge (beam F1 and F2). Moreover, this figure also shows graphs plotted for beams strengthened with the same laminates before loading but without prestressing. Fig. 2 . Moment-curvature relation for RC beam F1 and F2 strengthened with prestressed CFRP laminates.
The load-bearing capacity of beam B-0 a prior to strengthening is 256kNm. It is assumed that the loads will increase, so it is necessary to increase the load capacity by about 40%, i.e. to M = 370kNm. Moreover, it is assumed that before strengthening the beam, its load will be reduced to 50% of the previous total load, so the initial bending moment can be estimated at M o =128kNm.
This means that after strengthening it will be possible to apply a load that can cause an increase in the bending moment 'M = 370kNm-128kNm=252kNm. As a result of the analysis of the ultimate boundary states, the necessary surface area of the laminates A L was determined for two parameters of the laminates used (cf. Fig. 2 ). In the calculations, the boundary deformation of the laminates at the moment of delamination was adopted as 50% of their maximum deformation. The stresses in the laminates at the moment of prestressing constitute 50% of their bearing capacity, which enables the application of a compressive force of 240kN. Then, the prestressing force results in a bending moment 'm=60kNm.
The results of the calculations are shown in Fig.2 . Strengthening the beam with the use of prestressed CFRP laminates increases its load-bearing capacity as much as strengthening it with the same laminates but without prestressing. Beams strengthened with prestressed laminates can bear an additional external load, which can cause an increase in the bending moment 'M of about 255kNm. The load-bearing capacity of the beam is exceeded as a result of the debonding of the laminates. However, if the laminates are glued into the reinforcement cover, the load capacity of the beam is exceeded as a result of the rupture of the laminates [13] . If the load capacity of the crosssection is exceeded in this way, there can be a much higher increase in the bending moment 'M caused by additional loads amounting to 367kNm.
The analyses indicate that the effectiveness of strengthening reinforced concrete beams by applying prestressed CFRP laminates is the same as the effectiveness of using the same laminates without prestressing. The effectiveness of strengthening with CFRP laminates can be considerably increased by using adhesive strips. Although the model M-M for a reinforced concrete beam [9] and the model M-M for a beam strengthened before loading [8] have been experimentally verified, the momentcurvature relation model for a beam reinforced under load with prestressed CFRP laminates and the results obtained on its basis also require experimental verification.
CONCLUSIONS
At present, a large number of existing structures are strengthened in Poland including also reinforced concrete structures. This is a result of modernization or the necessity to restore their original load capacity. In practice, a variety of strengthening methods and techniques are used that make use of repair materials with very different physical and mechanical properties.
The static equilibrium paths that are presented and the resulting moment-curvature relation model for a reinforced concrete beam strengthened with CFRP laminates and also for a beam strengthened with non-prestressed laminates can be a basis for designing methods of calculating deformations of reinforced concrete beams. The models presented in this study can also be used for predicting the behaviour of strengthened reinforced concrete beams in the entire load range LIST OF FIGURES AND TABLES: Fig. 1 Received 11.08.2019, Revised 25.11.2019 
